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Abstract
For a prime p > 2, an integer a with gcd(a,p) = 1 and 1  X,Y < p we give an asymptotic formula
for the number of different Euclidean distances |x − y| defined by the points on the modular hyperbola
{(x, y): xy ≡ a (mod p), 1 x X, 1 y  Y }. Furthermore, in the case X = Y = p − 1 we determine
the exact number of different distances.
© 2007 Elsevier Inc. All rights reserved.
1. Introduction
For a prime p > 2 and an arbitrary integer a with gcd(a,p) = 1, we consider the set of points
(x, y) on the modular hyperbola
Ha,p =
{
(x, y): xy ≡ a (mod p), 1 x, y < p}.
We treat the set Ha,p as a discrete set of points on the Euclidean plane, so one can ask various
questions in combinatorial geometry, see [2].
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wa,p = max
{|x − y|: (x, y) ∈Ha,p}
of the set Ha,p has been studied, see [5,7,8] and references therein.
It is reasonably straightforward to derive from the Weil bound of Kloosterman sums that
wa,p = p + O
(
p3/4+o(1)
)
and using the same arguments as in [6,8], one can remove the factor po(1).
On the other hand, the exact order of p − wa,p is not clear and is related to several other
interesting questions of analytic number theory, including the question about the distribution of
integer divisors of linear forms kp − a in primes p from [4], see [5] for more details. Some
properties of the convex hull of the point set Ha,p have been studied in [9] and shown to exhibit
quite cumbersome behavior and also related various deep questions of analytic number theory.
It is somewhat surprising that a different geometric question, although of somewhat similar
spirit, can be answered in full.
Namely, instead of the largest distance wa,p we consider the set
Da,p =
{|x − y|: (x, y) ∈Ha,p}
of all possible distances. The cardinality of this set can be explicitly evaluated.
Moreover, we also consider the number of distances defined by the points (x, y) ∈Ha,p which
also belong to a prescribed box and obtain an asymptotic formula on the size of the set
Da,p(X,Y ) =
{|x − y|: (x, y) ∈Ha,p, 0 < x X, 0 < y  Y}
where X,Y < p are some real positive numbers.
We remark that it would be interesting to extend our results to solutions of congruences xy ≡
a (mod m) modulo arbitrary integers m, as well as to solutions of more general polynomial
congruences. It seems that both such extensions need some additional ideas.
2. Distances in the complete residue system
We use (u/p) to denote the Legendre symbol of u modulo p. Then we have the following
explicit formula for #Da,p .
Theorem 1. For gcd(a,p) = 1, we have
#Da,p = 14
(
p + 1 +
(
a
p
)(
1 + (−1)(p−1)/2)
)
.
Proof. Note that the coordinates of the points
(x, y), (y, x), (p − x,p − y), (p − y,p − x)
have all the same distance u = |x − y| and the same modular product a = xy mod p. Since the
quadratic congruence x(x − u) ≡ a mod p has at most two solutions there are no more points
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different and reduce to two different points otherwise. Hence,
#Da,p = #Ha,p4 +
1
4
(
2 +
(
a
p
)
+
(−a
p
))
and the result follows. 
3. Distances in a box
We need to recall some notions and results from the theory of uniform distribution, see [3].
Let C be the family of all convex subsets in the halfopen unit square [0,1)2. For a set W ⊆
[0,1)2 of N points we define the isotropic discrepancy
J (W) = sup
C∈C
∣∣∣∣#(W ∩ C)N − |C|
∣∣∣∣,
where |C| is the area of C.
Let B be the family of halfopen subintervals of [0,1)2 then let
D(W) = sup
B∈B
∣∣∣∣#(W ∩ B)N − |B|
∣∣∣∣
be the discrepancy of W .
A special case of a result of Niederreiter and Wills [11] asserts a relation between these mea-
sures, see also [3, Theorem 1.12].
Lemma 2. For a set W ⊆ [0,1)2 the bound
J (W) = O(D(W)1/2)
holds.
We also need the Erdo˝s–Turán–Koksma inequality (see Theorem 1.21 of [3]) for the discrep-
ancy of a set of points of [0,1)2, which we present in the following form.
Lemma 3. For any integer L 1, for the discrepancy of a set
W = {(x1, y1), . . . , (xN , yN)}⊆ [0,1)2
of N points the bound
D(W) = O
(
1
L
+ 1
N
∑ 1
(|r| + 1)(|s| + 1)
∣∣Sr,s(W)∣∣
)0<|r|+|s|L
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Sr,s(W) =
N∑
n=1
exp
(
2πi(rxn + syn)
)
.
For real 0 ϑ,ρ  1 we define the region
Ω(ϑ,ρ) = {(α,β) ∈ [0,1)2: α  ϑ,β  ρ, β  α  1 − β}. (1)
We are now ready to formulate our bound on the cardinality of Da,p(X,Y ). Clearly, it is enough
to consider only the case X  Y .
Theorem 4. For p > X  Y  1 and gcd(a,p) = 1, we have
#Da,p(X,Y ) = p
∣∣Ω(X/p,Y/p)∣∣+ O(p3/4 logp).
Proof. We consider the point set
Ga,p =
{
(x/p,u/p): (x, y) ∈Ha,p
}⊂ [0,1)2
of cardinality p − 1. We put
ep(z) = exp(2πiz/p)
and note that the sums
Sr,s(Ga,p) =
∑
(x,y)∈Ha,p
ep(rx + sy) =
p−1∑
x=1
ep
(
rx + sax−1)
are Kloosterman sums and thus, if at least one of r or s is not zero modulo p, satisfy
|Sr,s(Ga,p)|  2p1/2, see [10, Theorem 5.35]. Hence, by Lemma 3, applied with L = p − 1,
we infer
D(Ga,p) = O
(
p−1/2 log2 p
)
and thus by Lemma 2
J (Ga,p) = O
(
p−1/4 logp
)
.
For 1  Y  X < p we can always assume x  y since if u = |x − y| for (x, y) ∈ Ha,p
and x < y  Y then we also have (y, x) ∈Ha,p and 1  y  X, 1  x  Y . Moreover, we can
assume x  p−y since otherwise (p−y,p−x) ∈Da,p(X,Y ) has the same coordinate distance
u = |x − y|. Therefore,
Da,p(X,Y ) =
{|x − y|: (x, y) ∈Ha,p, 0 < x X, 0 < y  Y, y  x  p − y}.
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Ω(ϑ,ρ) is defined by (1).
Moreover,
∣∣∣∣#Da,p(X,Y )#Ga,p −
∣∣Ω(X/p,Y/p)∣∣
∣∣∣∣
=
∣∣∣∣#(Ga,p ∩ Ω(X/p,Y/p))p − 1 −
∣∣Ω(X/p,Y/p)∣∣
∣∣∣∣
 J (Ga,p) = O
(
p−1/4 logp
)
and thus the result follows. 
Evaluating the area of Ω(ϑ,ρ) explicitly we obtain the following result.
Corollary 5. For any ε > 0 there exists δ > 0 such that for p > X  Y  1 with XY  p7/4+ε
and gcd(a,p) = 1, we have
#Da,p(X,Y ) =
(
1 + O(p−δ))p∣∣Ω(X/p,Y/p)∣∣.
Proof. As we have mention we need to evaluate the area of Ω(ϑ,ρ) for ϑ  ρ explicitly.
If ϑ + ρ  1 then the area is
∣∣Ω(ϑ,ρ)∣∣= ϑ2
2
− (ϑ − ρ)
2
2
= (2ϑ − ρ)ρ
2
.
Thus in this case
∣∣Ω(ϑ,ρ)∣∣ ϑρ
2
.
If ρ > 1/2 (and thus ϑ  ρ > 1/2 > 1 − ρ) then we get
∣∣Ω(ϑ,ρ)∣∣= ϑ2
2
−
(
ϑ − 1
2
)2
= 4ϑ − 1 − 2ϑ
2
4
.
Thus in this case
∣∣Ω(ϑ,ρ)∣∣ ϑ2
4
 ϑρ
4
.
If ϑ > 1 − ρ  1/2 then we have
∣∣Ω(ϑ,ρ)∣∣= ϑ2
2
−
(
ϑ − 1
2
)2
−
(
1
2
− ρ
)2
= 2ρ − 2ρ
2 − (1 − ϑ)2
.
2
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∣∣Ω(ϑ,ρ)∣∣ 2ρ − 3ρ2
2
 ρ
4
 ϑρ
8
.
In particular
∣∣Ω(X/p,Y/p)∣∣ XY
8p2
for all X and Y with p > X  Y  1, which after simple calculations yields the desired re-
sult. 
4. Remarks
One can also obtain very similar results for the modular circle
Ca,p =
{
(x, y): x2 + y2 ≡ a (mod p), 0 x, y < p}.
It is clear that
#Ca,p =
p−1∑
x=0
(
1 +
(
a − x2
p
))
= p −
(−1
p
)
= p − (−1)(p−1)/2.
If we denote
Ea,p =
{|x − y|: (x, y) ∈ Ca,p}
then we have the following analogue of Theorem 1
#Ea,p = #Ca,p4 +
1
2
(
2 +
(
a
p
)
+
(
2a
p
))
= p − (−1)
(p−1)/2
4
+ (1 + (−1)(p2−1)/8)
(
a
p
)
.
Moreover, using the Bombieri bound [1] for exponential sums along a curve instead of the
bound of Kloosterman sums, one can get an analogue of Theorem 4 for the modular circle Ca,p
as well.
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